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Abstract

Numerical simulation of high Schmidt number turbulent mass transfer across free and solid surfaces is carried out. Near a free sur-
face, the concentration field quickly responses to the normal velocity fluctuation and the eddy diffusivity is almost unchanged even at
high Schmidt numbers. In contrast, near a solid wall, the concentration field becomes less sensitive to the normal velocity fluctuation
and the eddy diffusivity is drastically decreased with increasing the Schmidt number. This fundamental difference between the concen-
tration fields close to free and solid surfaces can be attributed to the difference in the asymptotic behavior of velocity fluctuations toward
the interfaces. Namely, the normal velocity varies quadratically with the distance from a solid surface, while linearly near a free surface.
Strong damping of high-frequency concentration fluctuations near a solid surface agrees well with the theoretical analysis by Shaw and
Hanratty [AIChE J. 23 (1977a) 160–169]. As a result, lower-frequency velocity fluctuations dominate the mass transfer at higher Schmidt
numbers. These results imply that the analogy between momentum and mass transfer, which has been widely used in engineering appli-
cations, may not hold.
� 2007 Elsevier Inc. All rights reserved.
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1. Introduction

Heat and mass transfer across free and solid surfaces
plays an important role in a variety of engineering applica-
tions and also in many environmental problems. When
considering mass transfer inside liquid, the Schmidt num-
ber is commonly high ðSc � Oð103ÞÞ and the transport
mechanism is governed by turbulent motions within a thin
concentration boundary layer in the immediate vicinity of
a surface (dc � O(10–100 lm)).

In the previous study, Hasegawa and Kasagi (2005)
investigated the microscopic transport mechanisms across
clean and contaminated air–water interfaces. At the clean
interface, the interfacial mass flux quickly responses to
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the normal velocity fluctuation. With increasing the degree
of surface contamination, however, high-frequency concen-
tration fluctuation components are strongly damped.
Moreover, the mass transfer rate drastically deteriorates
and eventually falls down to the value on a solid wall. Since
the normal velocity fluctuation near a highly contaminated
interface converges to the data near a solid surface (Hase-
gawa and Kasagi, 2005), the contaminated interface can be
approximated by a solid surface in terms of the mass
transfer.

This fundamental difference between the concentration
fields close to free and solid surfaces was first discussed
by McCready and Hanratty (1984). They argued that a
velocity component v in the surface-normal direction y

plays a critical role in the interfacial mass transfer. By
expanding v in Taylor series as vðt; yÞ ¼ bðtÞy and
vðt; yÞ ¼ cðtÞy2 at free and solid surfaces, respectively, they
obtained the following relationships for high frequencies.
Namely, for a free surface,
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Notation

Ai coefficient for the ith order in Taylor expansion
of eddy diffusivity Ed

ai coefficient for the ith order in Taylor expansion
of streamwise velocity fluctuation u 0

Bi coefficient for the ith order in Taylor expansion
of eddy diffusivity Ev

bi coefficient for the ith order in Taylor expansion
of surface-normal velocity fluctuation v 0

C mean concentration
CB bulk mean concentration
CI mean concentration at an interface
D molecular diffusivity
Ed eddy diffusivity
Ev eddy viscosity
K mass transfer rate
kB Batchelor wave number
kx, ky, kz number of modes in streamwise, surface-nor-

mal and spanwise directions
p pressure
Q mean mass flux at an interface
q local mass flux at an interface
Rab correlation coefficient between a and b
Res Reynolds number based on friction velocity us

and depth d
N number of grid points
si coefficient for the ith order in Taylor expansion

of concentration fluctuation c 0

Sc Schmidt number
Sct turbulent Schmidt number
t time
U mean streamwise velocity
u, v, w velocity components in the x, y, and z directions
us friction velocity
Wa frequency spectrum of fluctuating component a

Wcv frequency co-spectrum of c0v0

x, y, z streamwise, surface-normal and spanwise direc-
tions

yp peak location of concentration fluctuation

Greeks

b coefficient for the first order in Taylor expansion
of normal velocity fluctuation

c coefficient for the second order in Taylor expan-
sion of normal velocity fluctuation

DC difference between concentrations at an interface
and a bottom boundary

DCB difference between the interfacial and bulk con-
centrations

Dd thickness of the diffusive sublayer
Dt time step
Dx, Dy, Dz grid spacings in streamwise, surface-normal

and spanwise directions
d depth of computational domain
dc thickness of the concentration boundary layer
m kinematic viscosity
q fluid density
q frequency

Superscripts

( )* dimensional value
( )+ value non-dimensionalized by the shear unit
( ) 0 fluctuating component
ðÞ mean component

Subscripts

( )a value in the air phase
( )w value in the water phase
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W qðxÞ ¼
W bðxÞ

x2
Q2; ð1Þ

whereas, for a solid surface (Shaw and Hanratty, 1977a),

W qðxÞ ¼
4W cðxÞ
Sc � x3

Q2: ð2Þ

Here, Wq, W b and W c are the frequency spectra of the
interfacial mass flux q and the normal velocity fluctuations
near free and solid surfaces, respectively. The above equa-
tions imply the concentration fluctuation near a solid sur-
face is damped faster than that near a free surface with
increasing the frequency x. Furthermore, the appearance
of Sc in the denominator of Eq. (2) reveals that the damp-
ing near a solid surface is more enhanced at higher Schmidt
numbers. Although high Schmidt number effects near free
and solid surfaces should be quite different, few studies
have focused on this issue.
The damping effect on concentration fluctuations near a
solid surface has a strong impact on the limiting behavior
of an eddy diffusivity Ed. Since the mean concentration
profile mostly changes inside the viscous sublayer at high
Schmidt numbers, Taylor series have been usually
employed for representation of velocity and concentration
fields. Considering that both the eddy diffusivity Ed and the
eddy viscosity Ev vary as y3 near a solid surface, the anal-
ogy between momentum and mass transfer has been well
documented (e.g., Moin and Yaglom, 1971; Kader, 1981;
Churchill, 1997), i.e., Ed � A3y3, where the proportional
constant A3 is assumed independent of the Schmidt num-
ber. This leads to a well-known relationship of
Kþ ¼ K=us / Sc�2=3, where K is the mass transfer rate
and us is the friction velocity.

According to the precise experiments with an electro-
chemical technique conducted by Shaw and Hanratty
(1977b), however, K+ was proportional to Sc�0.7. They also
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Fig. 1. Computational domain and coordinate system: (a) free surface, (b)
solid surface.
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observed that the contribution of large wavenumbers to
turbulent mass flux is strongly damped with increasing
the Schmidt number. This trend agrees with the theoretical
analysis given by Eq. (2).

Recently, numerical simulation of turbulent mass trans-
fer across a solid surface has also been carried out. Such
simulations are quite useful in providing the detailed statis-
tics of velocity and concentration fields near a solid surface,
which can not be obtained in experiments. Papavassiliou
and Hanratty (1997) applied a Lagrangian method to tur-
bulent mass transfer at up to Sc = 2400 and reported that
Ed is represented by Ed / y3:38 rather than y3 inside the con-
centration boundary layer. Although the Lagrangian
approach is useful in obtaining mean concentration pro-
files, it is not straightforward to obtain higher-order
statistics.

Calmet and Magnaudet (1997) carried out large eddy-
simulation (LES) of high Schmidt number mass transfer
in turbulent channel flow and showed that large-scale
structures govern the mass transfer. Direct numerical sim-
ulation (DNS) by Na and Hanratty (2000) reported that
the limiting value of Ed=y3 at a solid wall decreases by
about 30% with increasing the Schmidt number from 1.0
to 10. Recent high-resolution DNS data by Seki et al.
(2006) also support this trend. These results suggest the
breakdown of analogy between momentum and mass
transfer at high Schmidt numbers. Therefore, there has
been strong need to investigate the limiting behavior of
the concentration and velocity fields close to a solid sur-
face. However, most existing DNS databases are limited
to low to moderate Schmidt numbers (Sc � O(10)).

In this work, we carry out numerical simulation of tur-
bulent mass transfer at Sc = 100 across two distinct bound-
aries, i.e., a clean air–water interface and a solid surface. In
order to calculate the concentration field at the high
Schmidt number, we apply a hybrid DNS/LES scheme,
which employs DNS with high-resolution grids within the
concentration boundary layer, while large-eddy simulation
(LES) with coarser grids in the outer layer.

Our main objective is to clarify the effects of the velocity
boundary condition on high Schmidt number turbulent
mass transfer inside the viscous sublayer. Specifically, we
examine high Schmidt number effects on the limiting
behavior of the eddy diffusivity and the damping of concen-
tration fluctuations with the two kinds of boundary
conditions.

2. Computational model and numerical method

2.1. Numerical conditions

We consider two flow conditions as shown in Figs. 1a
and b. The first case is a fully developed counter-current
air–water flow driven by a constant pressure gradient as
shown in Fig. 1a, where x, y and z are the streamwise, sur-
face-normal and spanwise directions, respectively. The
computational periods are chosen to be 2:5pd� and pd� in
the x and z directions, respectively, where d� is the depth
of the computational domain. A value with an asterisk rep-
resents a dimensional value throughout the present paper.

The governing equations are the incompressible Navier–
Stokes, continuity, and scalar transport equations given
below:

oui

ot
þ uj

oui

oxj
¼ � op

oxi
þ 1

Res

o2ui

oxjoxj
; ð3Þ

oui

oxi
¼ 0; ð4Þ

oc
ot
þ uj

oc
oxj
¼ 1

Res � Sc
o2c

oxjoxj
; ð5Þ

where, the velocity ui and the coordinate xi are non-dimen-
sionalized by u�s and d� in each phase, where u�s is the inter-
facial friction velocity. The concentration c* of a solute is
normalized by the concentration difference DC� between
the free surface and the bottom boundary in the water
phase. The non-dimensional parameters which characterize
the velocity and concentration fields are the Reynolds num-
ber Res ¼ u�sd

�=m� and the Schmidt number Sc ¼ m�=D�,
where m� and D� are the kinematic viscosity and the molec-
ular diffusivity of a gaseous solute, respectively. The Rey-
nolds numbers based on u�s and d� in the air and water
phases are Resw ¼ Resa ¼ 150, which approximately corre-
sponds to an air–water flow with u�a ¼ 2:2 m/s and
u�w ¼ 0:054 m/s at two outer boundaries of d� ¼ 4 cm.
The subscripts a and w represent values in the air and water
phases, respectively. The density ratio of water and air is
q�w=q

�
a ¼ 841.

Since we focus on the fundamental difference between
slip and no-slip boundary conditions at free and solid sur-
faces in terms of the mass transfer, interfacial deformation
is neglected to avoid additional complexity. Hence, the
resultant velocity boundary condition at the air–water
interface is the continuity of horizontal velocity compo-
nents as well as the shear stress.

uiw ¼
ffiffiffiffiffi
qw

qa

r
uia ði ¼ 1 and 3Þ ð6Þ

u2w ¼ u2a ¼ 0 ð7Þ
1

Resw

ouiw

ox2w

¼ 1

Resa

ouia

ox2a

ði ¼ 1 and 3Þ ð8Þ
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Hereafter, we will focus on only the water phase and omit
the subscript of w.

In the second case, the air–water interface is replaced by
a no-slip boundary as shown in Fig. 1b. Hence, the interfa-
cial velocity boundary conditions are given as:

u1 ¼ u2 ¼ u3 ¼ 0: ð9Þ

In both cases, a free-slip condition is used at the bottom
boundary. For the concentration field, a constant concen-
tration boundary condition c = 1 is imposed at the inter-
faces, while c = 0 at the bottom. The Schmidt number Sc

is set to be 1.0 and 100 in each case.
Direct numerical simulation (DNS) is applied to the

velocity and concentration fields at Sc = 1.0 by using a
pseudo-spectral method. 64 · 64 Fourier modes in the x

and z directions and Chebyshev polynomials up to 289 in
the y direction are used. For time integration, the second-
order Adams–Bashforth and Crank–Nicolson schemes
are adopted for the nonlinear and diffusion terms, respec-
tively. For the high Schmidt number of 100, a hybrid
DNS/LES scheme described below is employed.

2.2. Hybrid DNS/LES scheme

Since the concentration dissipation wave number, i.e.,
the Batchelor wave number kB, is generally proportional
to Sc1=2 (Batchelor, 1959), N 3 / Sc3=2 computational grids
are required in order to resolve all essential scales of the
concentration field. In the case of the interfacial mass
transfer, most concentration change occurs in the vicinity
of the interface. Therefore, for a concentration field at
Sc = 100, we apply a hybrid DNS/LES method, which
employs DNS with high-resolution grids within a near-
interface region yþ < 11:3, while LES with coarser grids
for the outer layer yþ > 21:5. We provide a switching
region between them in order to connect the two regions
smoothly. The depth of the DNS region is determined so
that more than 95% of the mean concentration change
should be resolved by DNS. For spatial discretization,
the pseudo-spectral method with Fourier series is used in
the horizontal directions, whereas the finite volume method
is employed in the normal direction in which turbulent and
Table 1
Number of modes, number of grid points and grid spacings

Region kx

Velocity DNS 0 < y+ < 150 64,
Case 1 DNS 0 < y+ < 11.3 192

Buffer 11.3 < y+ < 21.6 192
LES 21.6 < y+ < 150 64,

Case 2 DNS 0 < y+ < 22.8 192
Buffer 22.8 < y+ < 35.4 192
LES 35.4 < y+ < 150 64,

Velocity DNS 0 < y+ < 150 64,
Case 3 DNS 0 < y+ < 16.5 512

Buffer 16.5 < y+ < 21.6 512
LES 21.6 < y+ < 150 64,
molecular mass fluxes are evaluated at a cell surface in the
second-order accuracy. In the DNS and switching regions,
Fourier modes up to 8 times that for the velocity field are
employed in the x and z directions, whereas in the LES
region, the same grid system as that for the velocity field
is used. The concentration fields in all of the DNS, switch-
ing and LES regions are solved coupled for all possible
combinations of kx and kz which satisfy jkxj 6 kx LES and
jkzj 6 kz LES, where kx LES and kz LES are maximum wave-
numbers employed in the LES region in the x and z direc-
tions, respectively. Since the finer computation grid is
employed for the concentration field in the DNS and
switching regions, the fluid velocity calculated on the coar-
ser grid should be appropriately interpolated onto the finer
grids in order to evaluate the convective terms. In this
study, a Fourier interpolation scheme, namely, the fast
Fourier transform (FFT) with higher wavenumber compo-
nents set to be zero, is employed for the x and z directions.

When we employ the hybrid DNS/LES scheme, we note
the following issues:

1. Depth of DNS region.
2. Grid resolution in DNS region.
3. Subgrid-scale model in LES region.

We study the first and second issues by running compu-
tations with different depths of the DNS region (Cases 1
and 2) and different grid resolutions (Cases 1 and 3). Com-
putational conditions are listed in Table 1.

As for the subgrid mass-flux model in the LES region,
we employ the dynamic Smagorinsky model (DSM), in
which an unknown coefficient is calculated by Germano
identity with the double-filtering procedure (Germano
et al., 1991). It is possible to use more complex models such
as the dynamic mixed model (DMM) (Zang et al., 1993)
and the Dynamic Two-parameter Model (DTM) (Salvetti
and Banerjee, 1995). It should be noted, however, that
the most concentration change occurs in the DNS region
and the contribution of the subgrid-scale mass flux on
the total mass transfer is found to be quite small, i.e., less
than 2%, over the whole domain. Therefore, the effect of
the subgrid model on the total mass transfer is considered
, ky or Ny, kz Dx+ Dy+ Dz+

129, 64 18.4 0.01–1.23 7.2
, 34, 192 6.1 0.01–0.62 2.4
, 15, 192 6.1 0.66–0.85 2.4
144, 64 18.4 0.86–1.23 7.2

, 50, 192 6.1 0.01–0.79 2.4
, 15, 192 6.1 0.81–0.85 2.4
128, 64 18.4 0.86–1.23 7.2

289, 64 18.4 0.002–0.38 7.2
, 94, 512 2.3 0.002–0.34 0.9
, 15, 512 2.3 0.35–0.38 0.9
324, 64 18.4 0.002–0.38 7.2
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to be insignificant. Details of the numerical scheme can also
be found in Hasegawa and Kasagi (2005, 2007).

The time increment is Dtþ ¼ 0:018 in Cases 1 and 2,
while Dtþ ¼ 0:012 in Case 3, all of which are small enough
to satisfy the Courant condition for solving the concentra-
tion field. In order to obtain the statistics of velocity and
concentration fields, time integration is repeated for
tþ ¼ 2000 after the velocity and concentration fields
reached the statistically stationary state.
0.30

0.25

0.20

0.15

0.10

0.05

0.00

c rm
s /

 Δ
C

B

302520151050
+

Solid surface
Sc = 1.0: Sc = 100;

Case 1: ,  Case 2: ,
Case 3: 

LES regionSwitching region

DNS region
3. Results

3.1. Statistics of concentration field

The flow statistics under the present flow conditions
have already been reported in Lombardi et al. (1996) and
Hasegawa and Kasagi (2005). The mean concentration
profiles near the free and solid surfaces at Sc = 100 are pre-
sented in Fig. 2. The abscissa is the distance from the inter-
face in the shear unit. The ordinate is the mean
concentration relative to the interfacial concentration
non-dimensionalized by the friction concentration. A dis-
tinct difference between the mean profiles near the free
and solid surfaces can be found. The mass transfer rate
K+ is defined as:

Kþ ¼ K�

u�s
¼ Q�

u�sðC�I � C�BÞ
¼ 1

DCþB
: ð10Þ

Here, Q�, C�I and C�B are the mean mass flux and the mean
concentrations at the interface and the bulk, respectively,
while DC�B ¼ C�I � C�B. In the present calculation,
Kþ ¼ 0:0096 and 0.0032 at the free and solid surfaces,
respectively. These values agree reasonably well with the
experimental results, i.e., Kþ ¼ 0:12 Sc�0:5 at a sheared
air–water interface (Hanratty, 1991) and 0.0889 Sc�0:704 at
a solid surface (Shaw and Hanratty, 1977b). Slight under-
estimate of K+ at the free surface may be attributed to
the neglect of surface waves and turbulence generation at
a bottom wall in the present calculation. The present data
at the solid surface also underestimates K+ by 8%. This is
400
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Fig. 2. Mean concentration profiles near free and solid surfaces.
mainly because the present Reynolds number is quite lower
than those at which the previous experiments were
conducted.

The thickness Dþd of the diffusive sublayer, in which
Cþ ¼ Sc � yþ is satisfied within deviation of 5%, roughly
varies as Sc�1=2 and Sc�1=3 for free and solid surfaces,
respectively. Specifically, with increasing Sc from 1.0 to
100, Dþd changes from 2.9 to 0.28 for the free surface,
whereas 6.2–1.4 for the solid surface. Note that the empir-
ical correlation for a mean concentration profile near the
solid surface proposed by Kader (1981) is plotted for com-
parison. Kader’s relationship predicts a thinner diffusive
sublayer and a slightly lower concentration away from
the interface. This trend is also observed in recent calcula-
tions at low Reynolds numbers (Res ¼ 150–180) by Seki
et al. (2006) and Tiselj (2006). These facts suggest a need
for modification of the empirical relationship at a low Rey-
nolds number.

The concentration fluctuation crms, which is normalized
by the difference DCB between the interfacial and bulk con-
centrations, is shown in Fig. 3. At Sc = 1.0, the peak loca-
tions yþp near the free and solid surfaces are almost the
same, i.e., yþp ¼ 17:8. With increasing the Schmidt number
from 1.0 to 100, the peak location near the free surface
moves closer to the interface, i.e., yþp ¼ 1:1 and 2.6 at the
free and solid surfaces, respectively. Moreover, the peak
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Fig. 3. Concentration fluctuations near (a) solid and (b) free surfaces.
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value near the free surface becomes more prominent at the
high Schmidt number. These results suggest that turbulent
eddies exist close to the free surface and effectively generate
concentration fluctuations.

As a whole, fairly good agreement in the mean and fluc-
tuating concentrations among Cases 1, 2 and 3 is observed.
Specifically, the differences in the mass transfer rate K+ and
the peak value of concentration fluctuation between the
three cases are less than 2%. The boundaries between the
DNS, switching and LES regions in Case 1 are depicted
in Figs. 2 and 3. By inserting the switching region, we
obtained a smooth mean concentration profile (see
Fig. 2). Although slight bump is observed at the connection
between the switching and LES regions in the profile of the
concentration fluctuation, comparison between Cases 1
and 2 shows that the depth of the DNS region does not
influence the concentration field close to the interface.
The peak location of the concentration fluctuation at
Sc ¼ 100 in Case 1 corresponds to the 11th and 17th grid
points from the free and solid surfaces, respectively. Hence,
the present grid resolution in the y direction is fine enough
to resolve the sharp peak. One-dimensional energy spectra
of concentration fluctuations at the peak locations near
free and solid surfaces are also plotted in Figs. 4a and b.
Although slight differences between coarse-grid (Cases 1
and 2) and fine-grid (Case 3) calculations are observed in
the range of high wavenumbers, this hardly affects the
mean concentration profile since the turbulent mass flux
is governed by velocity–concentration correlation at much
lower wavenumbers. These results indicate that the grid
resolution is sufficient and the depth of the DNS region
is large enough to calculate the concentration statistics.
Hereafter, we show the concentration statistics obtained
in Case 1.

Figs. 5a and b present the correlation coefficients �Rcu

and Rcv between the concentration and the streamwise/nor-
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boundary conditions, i.e., u0 ¼ 0 and c0 ¼ 0, as well as the
governing equations. With the Schmidt number increased,
�Rcu is decreased near both free and solid surfaces. Espe-
cially, the decrease of �Rcu near the solid surface is signif-
icant. An interesting feature of the free surface is that Rcv is
kept high �0.6 even at the high Schmidt number (see
Fig. 5b). In contrast, near the solid surface, Rcv is drasti-
cally decreased at the high Schmidt number.

These results indicate that the concentration field near a
solid surface becomes less sensitive to the normal velocity
fluctuations with increasing the Schmidt number, whereas,
near a free surface, the concentration field quickly responds
to the normal velocity fluctuation at a wide range of
Schmidt numbers.
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3.2. Limiting behavior of eddy diffusivity near free and solid

surfaces

Since the most concentration change occurs close to a
surface at high Schmidt numbers, the limiting behavior of
concentration and velocity fields is of particular impor-
tance for modeling mass transfer. Considering Eqs. (6)–
(8) and a constant concentration condition at a free sur-
face, the fluctuating velocity and concentration fields can
be expanded in Taylor series as follows:

cþ0 ¼ s1yþ þ s3yþ3 þOðyþ4Þ; ð11Þ
uþ0 ¼ a0 þ a1yþ þOðyþÞ; ð12Þ
vþ0 ¼ b1yþ þ b2yþ2 þOðyþ3Þ: ð13Þ

Note that there is no y2 term in the equation of c0 because
o2c0=oy2 should be identically zero at an iso-concentration
boundary. The asymptotic expressions for the turbulent
mass flux c0v0 and the turbulent momentum flux u0v0 are
also given as:

cþ0vþ0 ¼ s1b1yþ2 þ s1b2yþ3 þOðyþ4Þ; ð14Þ
uþ0vþ0 ¼ a0b1yþ þ ða0b2 þ a1b1Þyþ2 þOðyþ3Þ: ð15Þ

Similarly, considering no-slip and constant concentration
conditions, the following expressions are obtained for the
solid surface:

cþ0 ¼ s1yþ þ s3yþ3 þOðyþ4Þ; ð16Þ
uþ0 ¼ a1yþ þ a2yþ2 þOðyþ3Þ; ð17Þ
vþ0 ¼ b2yþ2 þ b3yþ3 þOðyþ4Þ; ð18Þ
cþ0vþ0 ¼ s1b2yþ3 þ s1b3yþ4 þOðyþ5Þ; ð19Þ
uþ0vþ0 ¼ a1b2yþ3 þ ða1b3 þ a2b2Þyþ4 þOðyþ5Þ: ð20Þ

The eddy diffusivity Eþd and the eddy viscosity Eþv are
defined as:

Eþd ¼ �cþ0vþ0=
oCþ

oyþ

� �
; ð21Þ

Eþv ¼ �uþ0vþ0=
oUþ

oyþ

� �
: ð22Þ
Since the mean concentration and the mean streamwise
velocity can be expanded as Cþ ¼ Sc � yþ þOðyþ2Þ and
Uþ ¼ yþ þOðyþ2Þ, respectively, the limiting behavior of
Eþd and Eþv near the free surface is obtained from Eqs.
(14) and (15) as:

Eþd ¼ A2yþ2 þOðyþ3Þ; ð23Þ
Eþv ¼ B1yþ þOðyþ2Þ; ð24Þ

where A2 ¼ �s1b1=Sc and B1 ¼ �a0b1. Similarly, near the
solid surface,

Eþd ¼ A3yþ3 þOðyþ4Þ; ð25Þ
Eþv ¼ B3yþ3 þOðyþ4Þ: ð26Þ

where A3 ¼ �s1b2=Sc and B3 ¼ �a1b2.
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In Fig. 6, the limiting behavior of Eþd and Eþv near the
free and solid surfaces is represented. Near the free surface,
Eþd is almost independent of the Schmidt number. On the
other hand, near the solid surface, Eþd is drastically
decreased with the Schmidt number increased. The relation
Eþd ¼ 0:000463yþ3:38 suggested by Shaw and Hanratty
(1977b) based on their experiment at Sc = 700–37,000 is
also plotted in Fig. 6. The present result at Sc = 100
decreases faster than y3 as the solid surface is approached,
and excellent agreement with the experimental result can be
confirmed.

Although Ed is better represented by Eþd / yþ3:38 rather
than Eþd / yþ3 inside the concentration boundary layer,
according to Eq. (25), Eþd / yþ3 should hold in the immedi-
ate vicinity of the solid surface. In order to investigate more
closely, the limiting behavior of Eþd =yþ3 and Eþv =yþ3 near
the solid surface is shown in Fig. 7. Due to Eqs. (25) and
(26), the limiting values of Eþd =yþ3 and Eþv =yþ3 at the solid
surface should be identical to A3 and B3, respectively. At
Sc = 1.0, Eþd agrees well with Eþv in the near-surface region.
This confirms the validity of analogy between momentum
and mass transfer at Sc = 1.0.

At Sc = 100, however, A3 is decreased by about 80%
with the Schmidt number increased from 1.0 to 100. More-
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Table 2
Limiting values at free and solid surfaces

Sc = 1.0

Solid surfaceffiffiffiffi
s2

1

q
=Sc 0.402 (present)

0.403 (Na and Hanratty)
A3�10�3 0.722 (present)

0.730 (Na and Haratty)
B3�10�3 0.728 · 10�

tSc ¼ B3=A3 0.992 (present)
1.08 (Na and Haratty)

Free surfaceffiffiffiffi
s2

1

q
=Sc 0.590 (present)

A2 0.0197 (present)
B1
over, the thickness of the region where Eþd =yþ3 is constant
decreases with increasing the Schmidt number. This sug-
gests that the assumption of constant Eþd =yþ3 is valid only
inside the diffusive sublayer, where the contribution of tur-
bulent transport is quite small compared with that of
molecular transport. The similar trend is also reported in
Na and Hanratty (2000) at moderate Schmidt numbers
up to Sc = 10. These facts indicate the analogy between
momentum and mass transfer at the high Schmidt numbers
is not likely to hold. A mean concentration profile calcu-
lated by assuming Eþd ¼ Eþv is plotted with a solid line in
Fig. 2. Clear discrepancy with the hybrid DNS/LES data
is confirmed.

Limiting values at free and solid surfaces obtained in the
present and previous studies are summarized in Table 2. In

the case of a solid surface, limy!0f
ffiffiffiffiffiffiffiffi
cþ02

p
=ðCþ � CþI Þg ¼ffiffiffiffi

s2
1

q
=Sc is gradually decreased with increasing the Schmidt

number. In contrast, at a free surface,
ffiffiffiffi
s2

1

q
=Sc is slightly

increased with Sc. This is consistent with the prominent
peak of concentration fluctuation near the free surface in
Fig. 3.

The turbulent Schmidt number Sct is defined as:

Sct ¼
Eþv
Eþd

: ð27Þ

The limiting values of Sct are also listed in Table 2 together
with the data at Sc = 10 reported by Na and Hanratty
(2000) and Seki et al. (2006). Monotonic increase of Sct

with Sc at a solid surface can be confirmed. This corre-
sponds to the drastic decrease of Eþd at the high Schmidt
number in Figs. 6 and 7.

In the following section, we will study frequency spectra
of the concentration field close to free and solid surfaces, in
order to explain these differences in the Schmidt number
effects between free and solid surfaces.

4. Frequency spectra at high Schmidt number

Because of a thin concentration boundary layer at high
Schmidt numbers, derivatives in the y direction are much
Sc = 10 Sc = 100

0.393 (Na and Hanratty) 0.325 (present)

0.503 (Na and Hanratty) 0.118 (present)

3 (present), 0.790 · 10�3 (Na and Hanratty)
1.57 (Na and Hanratty) 6.19 (present)
1.47 (Seki et al.)

– 0.654 (present)
– 0.0247 (present)
0.0335 (present)
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larger that those in other two directions. Hence, the trans-
port equation near a surface can be simplified as:

oc
ot
þ v

oc
oy
¼ 1

Sc
o2c
oy2

: ð28Þ

Here, all variables are normalized by the shear units. A
fundamental difference between solid and free surfaces is
that the normal velocity fluctuation v varies quadratically
with y near a solid surface, while linearly near a free sur-
face. McCready and Hanratty (1984) explored how the lim-
iting behavior of v affects the sensitivity of the
concentration boundary layer to velocity fluctuations. By
substituting v ¼ cy2 � expðixtÞ into Eq. (28), the following
relationship is obtained for a solid surface:

W qðxÞ
Q2

¼ 4W cðxÞ
Sc � x3

; ð29Þ

Similarly, for a free surface, substitution of
v ¼ by � expðixtÞ results in:

W qðxÞ
Q2

¼ W bðxÞ
x2

; ð30Þ

where Wq, W c and W b are frequency spectra of the interfa-
cial mass flux q, and b and c, respectively. Note that Eqs.
(29) and (30) are valid only for high frequencies, i.e.,
Sc � x� 1.

In Figs. 8a and b, Wq, W c and W b at the solid and free
surfaces are plotted. Excellent agreement between the pres-
ent calculation and Eq. (29) is observed for the solid sur-
face (see Fig. 8a). The appearance of the Schmidt number
in the denominator of Eq. (29) explains the strong damping
of the concentration fluctuation at high Schmidt numbers.
In the case of the free surface, however, the damping of
concentration fluctuations at the high Schmidt number is
insignificant and the frequency spectrum again agrees fairly
well with the theoretical prediction by Eq. (30). Note that
Eq. (30) is independent of the Schmidt number.

The damping effect on concentration fluctuation near a
solid surface has great influence on the transport mecha-
nisms. Frequency co-spectrum Wcv of the turbulent mass
transport c0v0 at different distances (yþ ¼ 1:1, 3.2 and 7.7)
from solid and free surfaces are shown in Figs. 9a–f. Here,
Wcv is defined as:

c0v0 ¼
Z 1

x¼0

W cv dx: ð31Þ

At Sc = 1.0, the frequency co-spectra are almost indepen-
dent of the distance from the surface. At Sc = 100, how-
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ever, the contribution of high-frequency fluctuations to tur-
bulent mass transfer drastically decreases inside the viscous
sublayer near the solid surface, i.e., at yþ ¼ 1:1 and 3.2 (see
Figs. 9a and c). With increasing the distance from the solid
surface, the damping of W cv=c0v0 at high frequencies is
weakened and eventually the profile approaches to that
at Sc = 1.0 (see Fig. 9e). These results are consistent with
the frequency analysis of Eq. (29), which is valid only inside
the viscous sublayer, where the normal velocity fluctuation
varies with y2. Since most concentration change occurs
within the viscous sublayer at high Schmidt numbers, this
damping effect is quite important. In contrast, near the free
surface, the profile is almost independent of the Schmidt
number throughout the viscous sublayer (see Figs. 9b
and d).

These results indicate that lower-frequency velocity fluc-
tuations dominate the turbulent mass transfer near the
solid surface at higher Schmidt numbers, while a wide
range of frequencies play important roles near the free
surface.
5. Visualization

Visualizations of instantaneous streamwise and surface-
normal velocity components uþ and vþ at yþ ¼ 3:2 and
interfacial mass fluxes qþ for Sc = 1.0 and 100 at a free sur-
face are shown in Figs. 10a–d, respectively. In general, low
mass-flux regions have streaky structures, which corre-
spond to low-speed streaks in Fig. 10a. They become finer
with the Schmidt number increased. On the other hand,
high mass-flux regions are characterized by spotty struc-
tures. These structures are almost independent of the
Schmidt number and even more highlighted at Sc = 100.
It is also observed that the high mass-flux regions corre-
spond to the regions where v is negative (see the dotted
regions in Figs. 10b–d). This fact indicates that impinge-
ment of fresh liquid on the free surface is essential for the
mass transfer. This is consistent with the high Rcv close
to the free surface in Fig. 5b. The details of the transport
mechanisms near the free surface are reported in Hasegawa
and Kasagi (2007).
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Visualizations of velocity and concentration fields near a
solid surface are shown in Figs. 11a–d. At Sc = 1.0, qþ is
highly correlated with uþ in concurrence with high Rcu in
Fig. 5a. At Sc = 100, distinct differences between the con-
centration fields close to the solid and free surfaces are
found. The mass-flux fluctuations at the solid surface are
quite calm compared with those near the free surface (com-
pare Fig. 11d with Fig. 10d). Furthermore, both low and
high mass-flux regions at the solid surface have streaky
structures. By carefully comparing Fig. 11d with Fig. 11c,
it is also observed that the high mass-flux streaks at
Sc = 100 frequently lie about Dxþ ¼ 200 downstream of
the high mass-flux spots at Sc = 1.0 (see the dotted circles
in Figs. 11c and d). This is in a striking contrast with the
distribution of the mass flux at the free surface shown in
Fig. 10d, in which the concentration field quickly responses
to the normal velocity fluctuation even at the high Schmidt
number.
Totally, these visualizations support the results of the
frequency analyses in Section 4. Namely, the velocity fluc-
tuations at lower frequencies dominate the transport pro-
cesses near the solid surface at higher Schmidt numbers.

6. Conclusions

Distinct differences are observed between the concentra-
tion fields near free and solid surfaces at high Schmidt
numbers. Near the free surface, the concentration field
quickly responses to the normal velocity fluctuation and
the limiting behavior of the eddy diffusivity is almost inde-
pendent of the Schmidt number. On the other hand, near
the solid surface, the concentration field becomes insensi-
tive to the normal velocity fluctuation and the limiting
value of the eddy diffusivity is decreased by around 80%
with the Schmidt number increased from 1.0 to 100.
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The thickness of the near-wall region where Eþd / yþ3 is
decreased with increasing the Schmidt number and this
region always lies in the diffusive sublayer where the turbu-
lent transport is not significant. These results suggest that
the analogy between momentum and mass transfer near
the solid surface cannot be used at high Schmidt numbers.
These trends agree fairly well with the previous DNS
results at moderate Schmidt numbers up to Sc = 10
reported by Na and Hanratty (2000) and Seki et al. (2006).

The fundamental differences between the concentration
fields near solid and free surfaces can be attributed to the
difference of the spatial variation of the normal velocity
fluctuation near the surfaces. According to the theoretical
analysis of a one-dimensional advection-diffusion equation
by McCready and Hanratty (1984), it is shown that near
the free surface, where the normal velocity varies linearly
with y, the frequency spectrum of the concentration fluctu-
ation is independent of the Schmidt number. In contrast,
near the solid surface, where the normal velocity varies
quadratically with y, similar analysis (Shaw and Hanratty,
1977a) revealed that high-frequency concentration fluctua-
tions are strongly damped with increasing the Schmidt
number. The present results show quantitative agreement
with the theoretical predictions at both free and solid
surfaces.

Due to this damping effect, the contribution of high-fre-
quency velocity fluctuations to turbulent mass transport is
drastically decreased near a solid wall. This is the primary
reason for the breakdown of the analogy between momen-
tum and mass transfer. If we assume that the profile of the
eddy diffusivity is unchanged from the present result even
at higher Schmidt numbers, the prediction obtained by
assuming Eþd ¼ Eþv overestimates the mass transfer rate
about 5%, 15% and 30% at Sc = 100, 1000 and 10,000,
respectively.

The damping effect also affects the instantaneous distri-
bution of the mass flux at the solid surface. Visualization
results show that high mass-flux regions at Sc = 100 have
highly elongated streaky structures and seem to happen a
certain period of time after high mass-flux events occur at
Sc = 1.0. More detailed investigation is required to clarify
this issue. The present results underline the necessity of
developing a mass transfer model which takes into account
the damping effect near the solid surface.
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